We use basic homotopical methods applied to Lie groups made discrete to prove that the real Euler class of a circle bundle vanishes if and only if the bundle is flat.
3488 Flat circle bundles, pullbacks, and the circle made discrete there is a bijection {Isomorphism classes of principal G-bundles over X} ∼ = [X,BG] , (2.1) where [X,BG] denotes the set of homotopy classes of maps from X to BG. If the bundle G → P p − → X corresponds to a homotopy class represented by a map κ : X → BG, then κ is called a classifying map for the bundle. Note that a bundle is trivial (i.e., isomorphic to a product bundle P ∼ = G × X pr X − − → X) exactly when the classifying map is null-homotopic (i.e., homotopic to a constant map). A section of a principal bundle G → P p − → X is a map s : X → P such that ps = id X . In Section 3, we will see that the existence of a section means that the principal bundle is trivial.
When G = S 1 , something special happens. Namely, the classifying space BS 1 is an Eilenberg-MacLane space K(Z, 2) , that is, BS 1 has second homotopy group π 2 (BS 1 ) = Z, and all other π i (BS 1 ) = 0, i = 2. In fact, BS 1 is known to be CP(∞), the infinite complex projective space. For nice spaces (e.g., manifolds, CW-complexes), Eilenberg-MacLane spaces classify singular cohomology in the sense that
where H k (X;A) denotes the cohomology of X with coefficients in the abelian group A, and [X,K(A,k)] again denotes the set of homotopy classes of maps from X to the Eilenberg-MacLane space K(A,k), having π k (K(A,k)) = A and π i (K(A,k)) = 0 for i = k.
(Also note that the loop space of an Eilenberg-MacLane space is an Eilenberg-MacLane space: ΩK(A,n) = K(A,n − 1).) The bijection is given as follows. The universal coefficient theorem of algebraic topology shows that
The identity homomorphism id : A → A then corresponds to a characteristic element ι ∈ H k (K(A,k);A). Now, given a map f : X → K(A,k), we can apply the induced homomorphism on cohomology to ι to get f * (ι) ∈ H k (X;A). This is the bijection shown above.
By combining the discussions above, we see that when G = S 1 , the isomorphism classes of principal circle bundles over a manifold X are classified by H 2 (X;Z). More specifically, if κ : X → BS 1 classifies a principal S 1 -bundle S 1 → P p − → X, then the bundle is, in fact, classified by κ * (ι) ∈ H 2 (X;Z). The Euler class of the bundle is then defined to be e = κ * (ι) ∈ H 2 (X;Z). (The Euler class for principal circle bundles coincides with a more general definition for oriented vector bundles using the Thom class. This follows from the fact that circle bundles are the underlying principal bundles of oriented R 2 -vector bundles.) Therefore, the Euler class is the essential ingredient in the understanding of principal circle bundles. Noting that S 1 ∼ = U(1), we can also identify the Euler class of a principal S 1 -bundle with the first Chern class of the associated complex line bundle-and this is an important reason why the Euler class holds interest for geometers.
An example of a principal bundle to keep in mind is the universal covering projection X → X. This is a principal π 1 (X)-bundle with classifying map X → Bπ 1 (X). Now, when G is a discrete group, we know that BG = K(G,1), so Bπ 1 (X) = K(π 1 (X),1) and the classifying map induces an isomorphism of fundamental groups (which can be obtained by attaching cells to X to kill all higher homotopy groups).
The final bit of algebraic topological background needed is the universal coefficient theorem. There is a relation among cohomology groups, homology groups, and the Ext groups (of homological algebra). Namely, we have a split exact sequence (for an abelian group A)
An exact sequence of abelian groups (or, indeed, any central extension of an abelian group)
) associated with it which is a homotopy-analog to a principal bundle. (Indeed, the long exact homotopy sequence described in Properties 3.1(3) is the original short exact sequence.) Just as for principal bundles, the fibration has a classifying map
since H 2 (C;Z) = 0 for a finitely generated abelian group C (see [2] , e.g.). This is the usual extension group which classifies abelian extensions of C by A. Having this foundational material, we can now consider one of the main subjects of the paper.
Pullbacks
There are two types of pullbacks that will be important for us. The topological pullback, or simply pullback is defined as follows: given two maps f : X → B and g : Y → B, we form the space
and call it the pullback of f and g. The key property of a pullback is that, given h : Z → X and k : Z → Y with f h = gk, then there exists a (unique) map ω : Z → P making the following diagram commutative, wheref andḡ are the canonical projections:
The most important homotopical construction for our purposes is the homotopy pullback. Given two maps f : X → B and g : Y → B, we form the space
3490 Flat circle bundles, pullbacks, and the circle made discrete and call it the homotopy pullback of f and g. Many results about homotopy pullbacks may be found in [5] , but we will require only the following.
Properties 3.1. The following properties hold.
(1) Given h : Z → X and k : Z → Y with f h gk, then there exists a map ω : Z → ᏼ making the following diagram homotopy commutative, wheref andḡ are the canonical projections:
(2) Replacing any of the spaces or maps by homotopy equivalent ones in the initial diagram produces the same homotopy pullback up to homotopy. (A fibration is a map which satisfies the homotopy lifting property (see [9] or [10] ), while a fibration up to homotopy means that spaces and maps may be replaced by homotopically equivalent ones which give an actual fibration.) We then call ᏼ = F g the homotopy fibre of g. The homotopy lifting property may be interpreted as the following property. If
(Here, denotes "homotopic to.") (4) By continuing this process of taking homotopy fibres, we obtain a sequence of spaces (called the Puppe sequence):
where any three consecutive spaces form a fibration up to homotopy (with any two consecutive maps being null-homotopic). The crucial property of the Puppe sequence is that it is exact in the sense that, for any space Y , the following sequence of homotopy sets is exact:
In particular, if X = S 0 (the 0-sphere), then we obtain the long exact sequence of homotopy groups associated to a fibration (see [9] or [10] ):
The homomorphisms π j+1 (B) → π j (F g ) are called connecting homomorphisms.
The map preceding a sequence of three spaces (as we go from right to left) in the Puppe sequence is said to classify the sequence because the sequence arises as a homotopy pullback of the map. So the homotopy class of the classifying map determines the homotopy type of the homotopy pullback. For instance, g classifies ΩB → F g → Y .
(5) If f : X → B is a fibration, then ᏼ has the homotopy type of the ordinary topological pullback P. Because f : PB → B as above is a fibration for any B, the homotopy pullback of all classifying maps in our sense is fibrations. 
since κ • p is null-homotopic. Since the classifying map is null-homotopic, the principal bundle is trivial. Thus, principal bundles with sections must be trivial bundles. 
Flat bundles and Lie groups made discrete
Proof. Note first that making U discrete unravels all of the topology linking the fibres of the universal covering of G. Hence, as a (discrete) space, U d = G d × π 1 (G). Now, discrete spaces are characterized by their cardinalities, and the pullback P of π along the map i : G d → G clearly has the right cardinality. Therefore, the proof of the result simply consists of showing that P has the discrete topology. Now, because π : U → G is a principal π 1 (G)-bundle, its pullback along i is one also. Because π : U → G is surjective, there is a set map s : G → U with π • s = id G . But, G d has the discrete topology, so s, considered as a map s : G d → U, is continuous. By Example 3.2, the principal bundle is trivial, so we obtain P = G d × π 1 (G). Hence, P has the discrete topology and P = U d . 
} is open too and, thus, P has the discrete topology. Therefore,
The case of the circle group
Let G = S 1 with universal cover R, and note that BS 1 1) . Now, consider the following pullback diagram arising as in Proposition 4.1:
Of course, the homomorphisms of groups shown are the usual ones making the sequence Z → R → S 1 exact. Note that the pullback property guarantees that the fibre of Remark 5.1. Note that the first two maps are determined by the corresponding homomorphisms of groups. The last map also comes from the sequence of discrete groups; it is the class in Ext(S
, so that the sequence of fibrations (5.2) may be extended to a sequence of fibrations
Proof. This is, in fact, a standard result in topology (see [1, Theorem 7 .1]), but we give a proof to illustrate the beautiful connections between topology and algebra outlined in To see that we get a fibration on the right end, let F denote the homotopy fibre of φ. We must show that F → K(Z,2) is precisely the map K(S 
where we can see that the homomorphisms corresponding to the first two maps are the usual ones. The first is just a loop of φ, so that is clear. The second map is just a realization of the connecting homomorphism 
Flat S 1 -bundles and the Euler class
A principal S 1 -bundle ξ : S 1 → P → X is classified by a map κ : X → BS 1 = K(Z,2). As discussed in Section 2, this map corresponds to a degree-2 cohomology class by the standard identification [X,K(Z,2)] ∼ = H 2 (X;Z). Indeed, there is an element ι ∈ H 2 (K(Z,2);Z) corresponding to the identity homomorphism id: Z → Z, and the Euler class e(ξ) ∈ H 2 (X;Z) has e(ξ) = κ * (ι). As we have said earlier, e(ξ) characterizes the homotopy class of κ, so it serves to classify principal S 1 -bundles over X. A real Euler class e(ξ) Rd is obtained by simply extending coefficients to H 2 (X;R d ). This is equivalent to composing with the Proof. With the notation above, consider the following fibration diagram, which we will use for both parts of the proof (here we write BS 1 for K(Z,2) and BS But φκ represents the real Euler class, so we obtain e(ξ) Rd = 0.
On the other hand, suppose e(ξ) Rd = 0. Then φκ * . But then Properties 3.1(3) allows us to factor κ through the fibre as shown in the diagram: Bi κ κ. By definition, this means that the bundle is flat.
Of course, when X has finite type, for an integral cohomology class e, we can identify the conditions that e vanishes when coefficients are extended to the reals and that e is torsion. Therefore, we have the following corollary.
